In this paper, we count cycles in a generalized Kautz digraph GK (n; d).
Introduction
Let G be a digraph. The vertex set and the arc set of G are denoted by V (G) and A(G), respectively. The diameter of a digraph is the maximum length of a shortest path between any ordered pair of vertices in the digraph. Motivated by high-performance computing, many digraph or graph classes with small diameter have been proposed as interconnection networks of massively parallel computers.
The Kautz digraph denoted by K(d; D) (d ¿ 2; D ¿ 1) is a digraph whose vertices are the words of length D on an alphabet of (d + 1) letters (e.g., {0; 1; : : : ; d}) without two consecutive identical letters. There is an arc from each vertex (v0; v1; : : : ; vD−1) to the d vertices (v1; : : : ; vD−1; ) obtained by one left-shifting, where ∈ {0; 1; : : : ; d} and = vD−1 (see Fig. 1 , then the diameter of the digraph must be greater than or equal to D. In this sense, the Kautz digraph is a digraph with optimal diameter. The Kautz digraph also has other nice properties required for interconnection networks such as ÿxed degree, high connectivity, and easy routing [1] .
In designing interconnection networks of massively parallel computers, one may hope to use any number of processors. However, the number of vertices in K(d; D) is restricted to be a sum of two powers of an integer, and there is a large gap on the number of vertices between Kautz digraphs of di erent parameters. Imase and Itoh [5] generalized the Kautz digraph to have any number of vertices using congruent equations. The generalized Kautz digraph GK (n; d) is deÿned as follows:
V (GK (n; d)) = {0; 1; : : : ; n − 1}; A(GK (n; d)) = {(x; y) | y ≡ −dx − i (mod n); 1 6 i 6 d}: Fig. 2 is isomorphic to the digraph in Fig. 1.) As another regular digraph with optimal diameter, the de Bruijn digraph is known. (It seems that researchers in the subject are more familiar with the de Bruijn digraph than the Kautz digraph.) The .) Similarly to the Kautz digraph, the de Bruijn digraph can be generalized to have any number of vertices using congruent equations; y ≡ dx + i (mod n); 0 6 i ¡ d.
For generalized de Bruijn digraphs, their diameter [4] and connectivity [6] have been studied. Also, several structural objects such as spanning trees, Eulerian tours [7] , closed walks [8] and small cycles [2] have been counted. For generalized Kautz digraphs, their diameter [5] and connectivity [3, 6] have been studied. Compared with generalized de Bruijn digraphs, however, there are few counting results on generalized Kautz digraphs.
In this paper, we count cycles in generalized Kautz digraphs. Let n1 and n2 be integers. If n1 divides n2, then we write n1 | n2. Otherwise, we write n1| , n2. The greatest common divisor of n1 and n2 is denoted by gcd(n1; n2). Now let n = pd such that d| , p. Also let g l = gcd(d
We show that if one of the following conditions holds:
and k 6 log d n + 1,
then the number of cycles of length k in GK (n; d) is given by
where is the M obius function. It was shown in [4] that the diameter of GK (n; d) is at most log d n . Thus, by our result, we can count cycles of length up to nearly the diameter.
Our result on counting is a theoretical one rather than a practical one. However, since counting is a very fundamental subject, it can be applied to obtain a practical result. Although generalized Kautz digraphs are models of networks with unidirected link, we often consider networks with bidirected links. In such a case, loops (cycles of length one) are deleted and symmetric arcs (cycles of length two) may be replaced by a single edge. Hence, the number of loops and the number of symmetric arcs give us a fundamental knowledge on the size of the underlying graph of GK (n; d). From our result, these numbers are obtained.
This paper is organized as follows. In Section 2, we introduce basic deÿnitions and terminology used in the paper. In Section 3, we count nonperiodic closed walks in GK (n; d). Next, we derive upper and lower bounds on the twisted girth of GK (n; d) in Section 4. In Section 5, we combine the results in Sections 3 and 4 as a result on the number of cycles in GK (n; d). Finally, we conclude the paper with some remarks in Section 6.
Preliminaries
A walk W of length l in G is a sequence of vertices and arcs (v0; e0; v1; e1; : : : ; e l−1 ; v l ) such that ei = (vi; vi+1) ∈ A(G) for 0 6 i ¡ l. (When G has no multiarcs, it is su cient to write vertices only.) The size of a walk is the number of arcs used in the walk. Note that all the vertices (and also arcs) in a walk are not necessarily distinct. The same vertex may appear more than one time. Thus, the length of a walk is not always equal to the size of the walk. A path is a walk whose vertices are distinct. If v0 = v l , then W is called closed. If v0 = v l and vi; 0 6 i ¡ l, are distinct, then W is a cycle. For a closed walk W = (v0; e0; v1; e1; : : : ; e l−1 ; v0), if there exists an integer j (0 ¡ j ¡ l) such that vi = v i+j (mod l) and ei = e i+j (mod l) for 0 6 i ¡ l, then W is called periodic. A closed walk which is not periodic is called nonperiodic. A nonperiodic closed walk which is not a cycle, is called twisted. The twisted girth Â(G) of G is the minimum size of a twisted closed walk in G. Let X be a twisted closed walk of size Â(G). Then there exist two cycles C1 and C2 such that Fig. 3 ). Also, for two cycles C and
A closed walk is deÿned as a sequence of vertices and arcs, i.e., a closed walk has a starting vertex. In our counting, we distinguish the number of closed walks from the cardinality of the set of closed walks. The number of closed walks is the number of equivalence classes of closed walks with respect to rotation. For example, in the digraph in Fig. 4 , the cardinality of the set of cycles of length ÿve is ÿve, while the number of cycles of length ÿve is one.
For a lower bound l on Â(G), we can see that for any l ¡ l , the number of cycles of length l is equal to the number of nonperiodic closed walks of length l. In this paper, in order to count cycles, we count nonperiodic closed walks in GK (n; d) and then derive a lower bound on Â(GK (n; d)).
The number of nonperiodic closed walks
In this section, we present a formula for the number of nonperiodic closed walks. We ÿrst consider the cardinality of the set of closed walks in GK (n; d). 
Proof. Suppose that there is a closed walk of length k, (x; e0; u1; e1; : : : ; u k−1 ; e k−1 ; x) starting from x. By the deÿnition, there are k integers ri (1 6 ri 6 d,
. . .
Thus,
Hence,
Conversely, given a (k + 1)-tuple (x; r0; r1; : : : ; r k−1 ) satisfying the above congruent equation, a closed walk of length k starting from x is uniquely obtained. Therefore, closed walks of length k correspond to (k + 1)-tuples satisfying the congruent equation (1) in one-to-one manner.
We regard x as a variable and count the number of solutions for (1) . The congruent equations (1) have a solution i
where,
we can see that (
. For each r divisible by g k , the congruent equation obtained from (1),
has a unique solution x ≡ a (mod n=g k ). From this solution, we have g k solutions for (1), x ≡ a + tn=g k (mod n), t = 0; 1; : : : ; g k − 1. Consequently, there are g k ((d k − 1)=g k + 1) tuples (x; r0; r1; : : : ; r k−1 ) satisfying (1). Case 2: k is odd. Since
we can see that (−d) From the cardinality of the set of closed walks of length k, we can obtain the formula for the number of nonperiodic closed walks of length k. In the formula, we use the M obius function which is deÿned as follows: Let W (k) and X (k) be the sets of closed walks of length k and nonperiodic closed walks of length k, respectively. Also, let N (k) be the number of nonperiodic closed walks of length k. Each equivalence class of nonperiodic closed walks of length k consists of exactly k nonperiodic closed walks. Hence, N (k) = |X (k)|=k. On the other hand, a periodic closed walk of length k consists of a nonperiodic closed walk of length l, where l is a divisor of k. Therefore,
Using the M obius inversion formula [9] ,
Therefore
Hence, from Lemma 3.1, the following theorem is obtained:
The number of nonperiodic closed walks of length k in GK (n; d) is given by
where g l = gcd(d l − (−1) l ; n) and is the M obius function.
The Euler function '(n) is deÿned as the number of integers t such that 1 6 t 6 n and gcd(t; n) = 1. The number of closed walks of length k is obtained by summarizing the numbers of nonperiodic closed walks of length m, where m | k, and using the formula '(n)=n = d|n (d)=d.
Corollary 3.3. The number of closed walks of length k in GK (n; d) is given by
where g l = gcd(d l − (−1) l ; n) and ' is the Euler function. 
Upper and lower bounds on the twisted girth
In this section, we derive upper and lower bounds on the twisted girth of a generalized Kautz digraph. For S ⊆ A(GK (n; d)), the subdigraph induced by S is denoted by S . Let (v) denote the set of vertices adjacent from
. Note that i (U ) may be a multiset. First, we present an upper bound on the twisted girth of GK (n; d). Thus, if d k−1 ¡ n 6 d k , then there is a path or a cycle of length k from a vertex in {n − 1; 0} to a vertex in {n − 1; 0}. By adding arcs (n − 1; 0) and (0; n − 1) to such a path or a cycle, a nonperiodic twisted closed walk of size log d n + 2 can be obtained. That is, Â(GK (n; d)) 6 log d n + 2.
Next, we present a lower bound on the twisted girth of GK (n; d), which is used to prove our main theorem. For u; v ∈ V (GK (n; d)), the circle distance of u and v, denoted by D(u; v), is deÿned to be min{(u − v) (mod n); (v − u) (mod n)}. For {v1; : : : ; vt} ⊆ V (GK (n; d)), if D(vi; vi+1) = 1 (1 6 i ¡ t) then we say that the vertices v1; : : : ; vt are consecutive, and v1 and vt are side-vertices with respect to the consecutive vertices. For convenience, we also say that one vertex is consecutive. By the deÿnition of GK (n; d), we can see that for any set S of consecutive vertices, the vertices in 
Since D(a; b) = |[a; b]| − 1, the following corollaries are obtained:
Now we deÿne Ui ⊆ V (GK (n; d)), 0 6 i 6 d, as follows:
: : : ;
: : : ; n − 1 :
We call each Ui a unit of GK (n; d). Also, Ui and U i+1 Proof.
Hence, (Ui) ∪ Ui = {0; 1; : : : ; n} = V (GK (n; d)).
Since qi ≡ −dqi − ri (mod n), qi ∈ (qi) if ri = 0, and the vertices in (qi) and qi are consecutive if ri = 0. Next consider
: : : ; −dqi+1 − d}:
Suppose that ri+1 = 0. Then
Since qi+1 − 1 ≡ −dqi+1 − 1 (mod n), qi+1 − 1 and the vertices in (qi+1 − 1) are consecutive. The vertices in (Ui) are consecutive. Thus, we can see that {0; 1; : : : ; n} ⊆ Ui ∪ (Ui) (see Fig. 6 ).
Clearly
. Thus, |Ui ∩ Ui+1| 6 1. Suppose that |Ui ∩ Ui+1| = 1. Then
, thus
Ui ∩ Ui+1 = {qi+1} and ri+1 = 0. By the above discussion, qi+1 ∈ (qi+1), i.e., qi+1 has a loop.
For each i, 
Proof. When n 6 d, all vertices in GK (n; d) have a loop. Thus, n ¿ d.
Suppose that u ∈ U and v ∈ U , where U and U are units of GK (n; d). Case 1: U = U such that U and U are not adjacent. In this case, D(u; v) ¿ n=(d+1) since there is at least one unit between U and U and each unit has at least n=(d+1) vertices.
Case 2: U = U such that U and U are adjacent.
Suppose that |U ∩ U | = 1 and U ∩ U = {x} (thus, d + 1| , n). Now we assume D(u; v) 6
: Fig. 8 ).
Letz be the vertex in k −1 (v) which is adjacent to u. If k is even, then there is no arc fromz to u, sincez and u are in the same unit such thatz has no loop. Thus, k must be odd andz ∈ U . Applying Claim 1 iteratively, we can see that D(v; x) ¡ D(z; x). Hence D(u; x) ¡ D(z; x). Again, from Claim 1 it follows that there is no arc fromz to u, which is a contradiction. Therefore,
For the case that |U ∩ U | = 0, let x ∈ U and x ∈ U such that D(x ; x ) = 1. Similarly to Claim 1, we can show the following claim:
Then we can similarly prove that
by considering D(z; x ) for z ∈ U and D(z; x ) for z ∈ U . Case 3: U = U . Since u and v are in the same unit such that both u and v have no loop, there is no arc between them. Therefore, in this case, k ¿ 4.
For w ∈ V (C k ), let i (w) denote the ith successor of w in C k , i.e., the vertex to which there exits a path of length i from w in C k .
Case 3.1: For every i, i (u) and i (v) are in the same unit. In this case, for every i,
. From Corollary 4.3,
for every i. Thus, ; log d n d+1
.
The number of cycles
From the results in the previous sections, the following result is immediately obtained: ; log d (n=(d + 1))}}.
Using a property of line digraphs, we can strengthen this result in some case. Let G be a digraph. Then the line digraph L(G) of G is deÿned as follows:
A(L(G)) = {((u; v); (v; w)) | (u; v); (v; w) ∈ A(G)}:
When we regard "L" as an operation on digraphs, the operation is called the line digraph operation. The m-iterated line digraph denoted by L m (G), is the digraph obtained from G by applying the line digraph operation m times. The following result has been shown in [2] .
